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3 Euclid $E^{3}$ 3 $\mathbb{H}^{3}$
, ( ) ,
.
, Wayne Rossman $\mathbb{H}^{\backslash \}$ Gauss
$0$ ( ) ([KRUY] ),
([KRUY2]). ,
.
, S. Sasaki Volkov-Vladimirova
, $\mathbb{H}^{3}$ .
1.1 $([S], [VV])$ . $\mathbb{H}^{3}$ , (horosphere)
(i.e. ) (cylinder) .
1 (Poincar\’e ball )
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, 3 Riemann $N^{3}$ (front) . 2
$M^{2}$ $N^{3}$ $f:M^{2}arrow N^{3}$ . $T^{1}N^{3}$ $N^{3}$
, $f^{*}(T^{1}N^{3})$ $f$ $T^{1}N^{3}$ .
$f^{*}(T^{1}N^{3})$ global section $n:M^{2}arrow f^{*}(T^{1}N^{3})$ ,
$L:M^{2}\ni p\mapsto(f(p), n_{p})\in(T_{f(p)}^{1}N^{3}\subset)T^{1}N^{3}$
Legendre , i.e., $L$ $\langle df,$ $n\rangle=0$ ,
$f$ (wave front), front . ($f$ ) $L$
$f$ Legendre (lift) .
$T^{1}N^{3}$ Sasaki . $L$
$d\sigma^{2}$ :
2.1. front $f:M^{2}arrow N^{3}$
$\bullet$ , $d\sigma^{2}$ Riemann . ,
$\bullet$ , $d\sigma^{2}$ .
2.2 $\mathbb{H}^{3}$
, 3 Riemann $N^{3}$ $H^{3}$ .
, $\mathbb{H}^{3}$ $L^{4}$ .
$L^{4}$ Minkowski , $\langle$ , $\}L$ Lorentz . $x=$
$(x^{\alpha}),$ $y=(y^{\alpha})\in L^{4}$ , $\{x, y\}_{L}=-x^{0}y^{0}+x^{1}y^{1}+x^{2}y^{2}+x^{3}y^{3}$ .
,
$\mathbb{H}^{3}:=\{x\in L^{4} ;\langle x, x\rangle_{L}=-1, x^{0}>0\}$
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, $-1$ . 3 .
$T^{1}\mathbb{H}^{3}\subset \mathbb{H}^{3}\cross S_{1}^{3}\subset L^{4}\cross L^{4}$ $($ $S_{1}^{3}=\{x\in L^{4};\langle x,$ $x\rangle_{L}=1\})$ ,
$N^{3}=\mathbb{H}^{3}$ front :
2.2. $L:M^{2}arrow T^{1}\mathbb{H}^{3}$ Legcndre . , $L=(f, n):M^{2}arrow$
$L^{4}\cross L^{4}$
(i) $\langle f,$ $f\}_{L}=-1,$ $\langle f,$ $n\}_{L}=0,$ $\langle n,$ $n)_{L}=1$
(ii) $L$
(iii) $L^{*}$ (contact form) $=0$ , i.e., $\{df, n\}_{L}=0$
. Legendre $L=(f, n)$ $\mathbb{H}^{3}$ $f(=\pi\circ L)$
front .
2.3. $M^{2}$ $T^{1}\mathbb{H}^{3}$ $(f, n)$ , $\searrow$ (ii)




front $f:M^{2}arrow \mathbb{H}^{3}$ , $f\pm n$ lightlike vector . $f\pm n$
$\partial \mathbb{H}^{3}$ $[f\pm n]$ . $\partial \mathbb{H}^{3}$ $S^{2}$
, $[f\pm n]:M^{2}arrow S^{2}$ . Gauss .
, $S^{2}$ Riemann , $S^{2}\cong \mathbb{C}\cup\{\infty\}$
$[f\pm n]$ $c_{\pm}$ . $c_{\pm}$
, $G_{+},$ $G_{-}$ $G,$ $G_{*}$ .
23 $\mathbb{H}^{3}$
, .
2.4. front $f:M^{2}arrow \mathbb{H}^{3}$ (flat) , Gauss
$0$ .
25. $\mathbb{H}^{3}$ , (
$)$ .
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, (flat front) . , flat
hont Riemann .
. ( [GMM], [KRUY]
.)
2.6. flat front $f:M^{2}arrow \mathbb{H}^{3}$ Gauss $G,$ $G_{*}$ (holomorphic)
.
2.7. $f:M^{2}arrow \mathbb{H}^{3}$ , , , $M^{2}$ Riemann
$\overline{M}$
$\overline{M}\backslash \{p_{1}, \ldots ,p_{n}\}$ .




, . , flat front
$f:D^{*}(=\{z\in \mathbb{C};0<|z|<\epsilon\})arrow \mathbb{H}^{3}$ ,
. $f$ WCF-end .
3.1. WCF-end $f:D^{*}arrow \mathbb{H}^{3}$ (regular) , Gauss $G$ ,
$G_{*}$ $0\in\overline{D^{*}}$ .






. $r_{0}(G)$ $G$ $0$ ( ) .
$\bullet$
$\alpha:=\frac{dG}{dG_{*}}(0),$ $\frac{dG}{dG}*(0)$ ( $|\alpha|\leq 1$ )
. $\alpha\in[-1,1)\subset \mathbb{R}$ . $\alpha$
Gauss .
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3.3. WCF-end , Gauss
$\bullet$ $\alpha=-1$ , cylinder ,
$\bullet$ $-1<\alpha<0$ , hourglass ,
$\bullet$ $\alpha=-1$ , horosphere ,
$\bullet$ $0<\alpha<1$ , snowman




$f:D^{*}arrow \mathbb{H}^{3}$ WCF-end . $\Gamma_{f}$ $f(O)\in\partial \mathbb{H}^{3}$
( ) . ,
$\Gamma_{f}:=\{\gamma\in Geod_{o}(\mathbb{H}^{3})|\gamma(+\infty)=f(0)\}$ .
$\Gamma_{f}$ 2 $\gamma,$ $\gamma’$ , ,
$\gamma\sim\gamma’$ . $[\gamma]$ .
4.1. $\gamma\in r_{f}$ , $u\in$ SL $($ 2, $\mathbb{C})$ , $(\iota_{\tau\iota}\circ\gamma)(+\infty)=0$
$(\iota_{u}\circ\gamma)(-\infty)=\infty$ . $u$ ambiguity
$u\mapsto(\begin{array}{ll}\overline{b} 00 \delta^{-1}\end{array})u$ .
4.2. $\mathbb{H}^{3}$ PSL $($ 2, $\mathbb{C})$ . $u\in$ SL $($ 2, $\mathbb{C})$
$\iota_{u}$ . , $\iota_{u}\circ f$ Gauss $u \star G\pm=\frac{u_{11}G_{\pm}+u_{12}}{u_{21}G\pm+u_{22}}$
, .
4.1 $u$ $\gamma\in\Gamma_{f}$ $u(\gamma)$ .
, $d(u\star G_{*})/d(u\star G)$ . $u$ ambiguity
. $\gamma$ . , Gauss $\alpha$ $((dG/dG_{*})(O)$
$)\alpha=(dG_{*}/dG)(O)$ , .
$A_{\gamma}:= \frac{d(u(\gamma)\star G_{*})}{d(u(\gamma)\star G)}$
.
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43. $\gamma\in\Gamma_{f}$ , indentation $l_{\gamma}$
$l_{\gamma}:=\{\begin{array}{ll}r_{0}(A_{\gamma}) ( A_{\gamma} \text{ })\infty ( A_{\gamma} \text{ })\end{array}$
.
4.4 ([KRUY2], Lemma 2.8). $f:D^{*}arrow \mathbb{H}^{3}$ $m$ WCF-end
, .
(1) $f$ horosphere indentation $l_{\gamma}$ $\gamma\in r_{f}$ .
(2) $f$ horosphere , .
(a) indentation $l_{\gamma}$ $\gamma\in\Gamma_{f}$ , $l_{\gamma}<m$ .
(b) $[\sigma]\in\Gamma_{f}/\sim$




4.5. $f:D^{*}arrow \mathbb{H}^{3}$ WCF-end .
indentation $\gamma\in r_{f}$ , ( , Lemma 4.4 (1) (2)$-(a)$
) $f$ centerless .
, $[\sigma]\in\Gamma_{f}/\sim$ , $\sigma$ indentation
, ( , 4.4 (2)$-(b)$ ) $f$ centered .
$\sigma$ $f$ (principal axis) .






$\mathbb{H}^{3}$ , $\gamma$ $0\in\gamma$ . $\gamma$ $s$
$\gamma(0)=0$ . $s\in \mathbb{R}$ , horosphere $\mathcal{H}=\mathcal{H}_{\gamma}(0, s)$ ,
(i) $\mathcal{H}$ $\gamma(s)$ $\gamma$ ,
(ii) $\mathcal{H}$ $\partial \mathbb{H}^{3}$ $\gamma(-\infty)$
, . $\mathcal{H}$ . $\mathcal{H}=\mathcal{H}_{\gamma}(0, s)$ Euclid $E^{2}$
, , $\gamma(s)$ $E^{2}$ .
$\mathbb{H}^{3}$
$\mathbb{R}_{+}^{3}=\mathbb{C}\cross \mathbb{R}_{+}=\{(\zeta, h);\zeta\in \mathbb{C}, h\in \mathbb{R}_{+}\}$
, , $\gamma\subset \mathbb{H}^{3}$ $h$ , , $0\in\gamma\subset \mathbb{H}^{3}$ $(0,1)\in \mathbb{R}_{+}^{3}$
. , $\mathcal{H}_{\gamma}(0, s)$ $\mathbb{R}_{+}^{3}$ , $h=e^{-\epsilon}$
. ,
$\mathcal{H}_{\gamma}(0, s)=\{(\zeta, e^{-s})|\zeta\in \mathbb{C}\}\subset \mathbb{R}_{+}^{3}$
, $\zeta$ $\mathcal{H}_{\gamma}(0.s)$ .
$\mathbb{H}^{3}$
$|d\zeta|^{2}/e^{-2s}$ , $E^{2}$
$\hat{\pi}:\mathcal{H}_{\gamma}(0, s)\ni(\zeta, e^{-s})\mapsto e^{s}\zeta\in \mathbb{C}\cong E^{2}$
.
4.6 ([KRUY2], Theorem 3.1). $f:D^{*}arrow \mathbb{H}^{3}$ cylinder WCF-end
, $m$ . , .
$\gamma\in\Gamma_{f}$ , $0\in\gamma$ ,
$s\in \mathbb{R}$ , $f(D^{*})\cap \mathcal{H}_{\gamma}(0, s)$ ($\hat{\pi}$ ) $E^{2}$
:
$t\mapsto e^{imt}h^{p}(1+R_{\gamma}(h, t))\in \mathbb{C}\cong \mathbb{E}^{2}$




, $l,$ $m\in \mathbb{Z}_{+}$ $p\in(-1,0)$ ,




$R_{\gamma}(h, t)=\{\begin{array}{ll}b_{1}N_{p,n,m}(h, t)+o(h^{\beta}) (if n(1+p)<-2pm),b_{2}N_{p,n,m}(h, t)+S_{p}(h)+o(h^{\beta}) (if n(1+p)=-2pm),S_{p}(h)+o(h^{-2p}) (if n(1+p)>-2pm),\end{array}$
(4.1)
$b_{1},$ $b_{2}>0$ , $n$ indentation , $\beta=\beta_{p,n,m}$ .
(ii) Centered $\gamma\in\Gamma_{f}$ principal axis $\sigma$ , $R_{\gamma}$ (4.1) .
, $\gamma\in\Gamma_{f}$ principal axis (ie., $\gamma\oint\sigma$ ),
$R_{\gamma}(h, t)=b_{\gamma}N_{p,m,m}(h, t)+o(h^{-2p})$ if $n(1+p)\leq-2pm$ .
, $n(1+p)>-2pm$
$R_{\gamma}(h, t)=\{\begin{array}{ll}b_{\gamma}N_{p,m,m}(h, t)+o(h^{1+p}) (if- l<p<-1/3),b_{\gamma}N_{-1/3,m,m}(h, t)+S_{-1/3}(h)+o(h^{2/3}) (if p=-1/3),S_{p}(h)+o(h^{-2p}) (if-1/3<p<0).\end{array}$
$f$ cylinder , .
$l,$ $m$ $c$
$V_{m,l,c}(t)=( \frac{4c^{2}+m^{2}}{4cm})^{l/m}[2(c+\frac{m^{2}}{4c})\cos lt-i\frac{ml}{c}\sin lt]$ ,
$C_{m,l}(t)= \frac{e^{i\prime rr\iota t}}{m}V_{m,l_{2}^{g}},(t)=\frac{1}{m}((m+l)e^{i(m-l)t}+(m-l)e^{i(m+l)t})$ .
. , $C_{m,l}$ .
4.7 ([KRUY2] Theorem 3.2). $f:D^{*}arrow H^{3}$ cylinder WCF-end








$f$ $\hat{\pi}(f(D^{*})\cap \mathcal{H}_{\gamma}(0, s))$
$C_{m,n}(t)h^{\beta}+o(h^{\beta})$ $(h=e^{-s})$ where $\beta=\frac{n}{m}$
, .
$(\dot{\ovalbox{\tt\small REJECT}}i)$ Centered
(ii)$-(1)\gamma$ principal axis centerless (i) .
$(ii)-(2)\gamma$ principal axis $0\in\gamma$ $\hat{\pi}(f(D^{*})\cap$
$\mathcal{H}_{\gamma}(0, s))$ , $\mathbb{C}=E^{2}$ $t$
$\frac{1}{m}e^{imt}((c-\frac{m^{2}}{4c})+V_{m,m,c}(t)h+o(h))$ $(h=e^{-s})$
.





4.8 ([GMM], [KRUY2]). (cylinder , hourglass , horosphere , snowman
$)$ , WCF-end , (hyperbolic cylinder, hourglass, horosphere,
snowman) . , $\pi\circ f:D^{*}arrow \mathbb{R}_{+}^{3}$
$(ce^{imt}h^{1+p}+o(h^{1+p}),$ $h)\in \mathbb{C}\cross \mathbb{R}_{+}\cong \mathbb{H}^{3}$ whcrc $p=-(1+\alpha)/2\in(-1,0]$
. , $m$ , $\alpha$ Gauss .
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horosphere cylinder snowman hourglass
3
$P$ (pitch) .
4.9 ([KRUY2], Theorem B). WCF-end $f_{m,n}$ (
) .
$f_{m,n}:[0,2\pi)\cross(0, \epsilon)\ni(t, h)\mapsto(h^{1+\frac{n}{m}}C_{m,n}(t),$ $h)\in \mathbb{C}\cross \mathbb{R}_{+}=\mathbb{H}^{3}$
where $C_{m,n}(t)= \frac{1}{m}((m+n)e^{i(m-n)t}+(m-n)e^{i(m+n)t})$
, $m$ , $2n$ cuspidal edge .
WCF-end $f:D”arrow \mathbb{H}^{3}$ 49 , $f$ $C_{m,n}$
. , $n/m$ (pitch) .
( ) $C_{m,n}$ , $2n$ (3/2)-cusp
, unit normal $\pm m$ .
$backslash _{\backslash _{-.\sim}}\backslash ---\cdot\cdot---$
.
$\prime \mathfrak{b}/\backslash \backslash _{\backslash }^{----\cdot\cdot\backslash }/_{arrow-.\sim\sim_{-\backslash }}^{l^{/\backslash }}\backslash ../|_{1}^{--}|\nearrow_{/}//$




$(/)_{1}\backslash \backslash _{c_{\backslash }^{-A^{\backslash }}}\prime^{\prime\backslash }\prime^{--\sim_{\backslash .\cdot\wedge-\sim}}\sim-,\backslash .\cdot$
.
$(\backslash .)\iota_{\backslash _{\sim-}}\urcorner_{\iota}\backslash ..-,/\text{ ^{}1_{-}^{\vee’}}$




4.10. (1) WCF-end ( $\epsilon$ ) .
, WCF-end .
, $0$ .
(2) 4.9 front $f_{m,n}$ flat asymptotically fiat .
4.8 4.9 , WCF-end , $(t, h)\mapsto$
$(c(t)h^{1+p}, h)$ . $P$ .
. , $\gamma=\gamma(s)$ , $d=d(s)$
$d(s)\sim\{\begin{array}{ll}d(O)\exp(-\overline{p}L+\overline{1}^{S}) if-l <p<0d(0) if p=0d(O)\exp(-ps) if p>0\end{array}$
, .
4.11. WCF-end $p$ $(-1,0]U\mathbb{Q}_{+}\backslash \{1\}$ . ( ,
$p\in(-1,0]U\mathbb{Q}_{+}\backslash \{1\}$ , $p$ WCF-end .)
, WCF-end (Gauss )
:
$\bullet$ snowman $\Leftrightarrow-1<p<-1/2$ ,
$\bullet$ horosphere $\Leftrightarrow p=-1/2$ ,
$\bullet$ hourglass $\Leftrightarrow-1/2<p<0$ ,
$\bullet$ cylinder $\Leftrightarrow p=0$ ,
$*$ epicycloid $C_{m,n}$ $\Leftrightarrow p=n/m\in(0,1)$ ,
$\bullet$ hypocycloid $C_{m,n}$ $\Leftrightarrow p=n/m\cdot\in(1, \infty)$ .
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, $L^{4}$ Herm(2) $=$ { $2\cross 2$ Hermitian matrices} :
$L^{4}\ni(x_{0}, x_{1}, x_{2}, x_{3})rightarrow(\begin{array}{ll}x_{0}+x_{3} +x_{1}ix_{2}-x_{1}ix_{2} x_{0}-x_{3}\end{array})\in$ Herm(2)
$\mathbb{H}^{3}$ :
$\mathbb{H}^{3}=\{X\in$ Herm(2) ; $\det X=1$ , tr$X>0\}$
$=\{aa^{*};a\in SL(2, \mathbb{C})\}=$ SL $($2, $\mathbb{C})/$SU(2).
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$f:D^{*}arrow \mathbb{H}^{3}$ flat front . $\mathbb{H}^{3}\subset SL(2, \mathbb{C})$ ,
$\Phi_{f}\cdot=\frac{i}{2\pi}\int_{\gamma}(\partial f)f^{-1}\in\epsilon((2, \mathbb{C})$
. , $\gamma$ loop . $\Phi_{f}$
(flux matrix) flux .
$\Phi_{f}$ $(\partial f)f^{-1}$
$( \partial f)f^{-1}=\frac{1}{(G-G_{*})^{2}}(\begin{array}{ll}-G_{*}dG-GdG_{*} G_{*}^{2}dG+G^{2}dG_{*}-dG-dG_{*} G_{*}dG+GdG_{*}\end{array})$
. ([KRUY2] . )
.
4.12 $($ $)$ . $f:M^{2}arrow \mathbb{H}^{3}$ , flat front .
, flux , $0$ ( ) .
, .
$f:D^{*}arrow \mathbb{H}^{3}$ WCF-end , $m$ . , flux matrix
$\Phi_{f}$
$\pm\frac{2m\alpha}{(1-\alpha)^{2}}$
. ( $\alpha$ Gauss . ) ,
(i) horosphere $0$ .
(ii) horosphere , .
, $f$ horosphere . ,
$v_{1},$ $v_{2}\in \mathbb{C}^{2}$ . ,
$\mathbb{C}^{2}/\sim\cong \mathbb{C}P^{1}\cong \mathbb{C}\cup\{\infty\}\cong\partial \mathbb{H}^{3}$ , . , (
$v_{1}$ ) $[v_{1}]=f(0)=G(0)=G_{*}(0)$ . $[v_{2}]$
$\partial \mathbb{H}^{3}$ . , “ ” hyperbolic line
. $\overline{v_{1},v_{2}}$ , $f$ flux axis .




5.1 (n-noid). $n\geq 3$ $n$ , $G=z,$ $G_{*}=1/z^{n-1}$
, Gauss , flat hont
$f:(\mathbb{C}\cup\{\infty\})\backslash \{z;z^{n}=1\}arrow \mathbb{H}^{3}$
. $e\in\{z;z^{n}=1\}$ , Gauss $-1/(n-1)$
. , hourglass .
5.2 ( $(2+n)$-noid). $n\geq 1$ $n$ , $G=z,$ $G_{*}=z^{n+1}$
, Gauss , flat front
$f:(\mathbb{C}\cup\{\infty\})\backslash \{0, \infty, z^{n}=1\}arrow \mathbb{H}^{3}$
. $0,$ $\infty$ $\alpha=0$ horosphere .
$e\in\{z;z^{n}=1\}$ $\alpha=1/(n+1)$ , snowman .
54-noid (2 $+$2)-noid (Poincar\’e ball )
flat front , (caustic) flat (p-)front . caustic
, flat ffont . ( [KRUY]
. )
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5.3 (n-noid ). 5.1 flat $fr()nt$ caustic , $\{z^{n}=1\}\cup\{0, \infty\}$
. WCF-end , $p$ :
$p=\{\begin{array}{ll}2 if z\in\{z^{n}=1\}n/(n-2) if z=0 or \infty.\end{array}$
5.4 ( $(2+n)$-noid ). 5.2 flat front caustic ,
$\{0, \infty, z^{n}=1\}$ . $z=0,$ $\infty$ WCF-end ,
$p=n/(n+2)(<1)$ .
64-noid (2 $+$2)-noid caustic (Poincar\’e ball )
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